



































































































































lecture 2
Recall

The Fundamental Theorem of Boolean Functions

Every Bollar function f B IR can

be uniquely represented as a multilinear polynomial

over IR f x Ʃ Fcs Xs
GC

SE 1 n

where FCS EIR is called the s Fourier coat

Xs x Teski is called the S Fourier character

fig Eg flag deg f max 1st s

Lesionformula Fcs f Xs

Planchet f g Eap gts
Parel Efg Cfi f fuss

te if f is Boolean then F
This naturally defines a probability dist Df

over

subsets of n where S is sampled w p
SF

Def The total influence
is I f ISI Efs 1st

S Df
ke 0 in the K Fourier weight is

W f Pr Is K ƩF 572
S 5 K

SNDF






































































































































Alternativewayto
define IF

For i 1 n define the discrete
derivative

of f in direction i as

Diffo I
Ʃ t.IESzi

Pr fbc fati
Iiff Eppggy

fis Boolean

x Ith ith
coordinate

Lote I f E.FI gfies
Hipped

Parseval

I f ICF 1st af's
1st

ICFJedegex

Ea.in IatioandIIn
f f

111 in k.IE
InskYf.fXi dictator

Tinta






































































































































DefI The Fourier tail
at level k is defined as w f

wk f

claim Hf W f III
Proof By Markou's neg W f P Is k 1 IE

SNDF

LegreApproximtions
let f B IR

Which multilinear polynomial p
x of degreeste

best approximates f in la distance i e
minimizes

poor

1 f x Ef Igi
is the minimizer

Why Let p be a generic degree le multilinearpolynomial

fbc pbc Ʃ Fcs p s

KERSIB
SECN

Ʃ Fo pop st

s 151K

To minimize
pickp with pcs

Fcs

for all s ofsize k

Note The error is exactly w Cf






















































































Low Degree Learning Algorithm
LinialMansourNisan

Ee random labeled examples of Cx fbc

Want to come up w a good hypothesis ha
sit

whp h is e close to f

Here we assume the inputdistribution is uniform over 5115

LN A learning algorithm thatgiven nik

and samples bc floc where W f E

Outputs whp a hypothesis that is 0 E close to f

in runtime nock

the egnelarningAlgor.tn

For each S ECn of size k

Estimate FCs F s

Output h sgn ƩF 5 Xs
1K

How to estimate Fcs
Computeemperical mean from

Recall Fls FEE
Xs labeled examples

Pr f x h x fbc Efs xsGa
W f Effestfont



Goldreich Levin Kushilevitz Mansour

If f is E close in 12 norm to

a polynomial with m monomials

Can learn f up to error 0 e using
membership

queries to f in poly Mle time

Decision Trees

54 1

Gantt

I
it

1

Fact If f is a decision tree of depth
d

then deg f
Ed and the Fourier repr

of f has 4d monomials

Ida write floc Eat
if e

Go DTs can be learned in poly
nd usingexample
poly2d usingqueri



Restrictions random restrictions

flag xn f 112,4 24,75

A restriction is a partial assignment

JECn the alive variables

ZE 1135 the assignment
to the rest

The restricted function

f z x fly Yi

Er fÉ Eft Iii In
Ʃ Tiki Ʃ FCT Ifi
se

its

go.sk ffz s Ʃ FCT IEiTTnJ S

Fix J choose z uniformly at random in
135

FACS 5 1st
ZER1135

F 67 EFG 1 THIS
ZER IBI T



eens indep denoted

include ie w P P CJA Rp

Sample zep 113J

FACS f s Pr s F s p
CJA RP J

F 67 FG Pr TnJ s

JANRP J

Lemma LMN

TCW ft We f Pr Bin lip k

A Rp

Proof E W frz G Epiest
JANRP

EmaFalties
FG Pr TnJ s

J pCn

y
m Ʃ Pr TnJ s

is
Jep n



J p

Ex Parity

A W for

11 In k in K

W
f

FEW to

M.sk Me
7k

Dfp the expected Fourier dist
of fit

Sample S Df
Sample J Ep n independently

output 515

sadpeision.ee
s

a width w DNF is a function of the form

f Xiantin nocin V 1 1 V V

a width w CNF is each term has w literals

Ect Any DT of depth I can be written as

a width d DNF CN

p random

restriction

p random

restriction



AC circuits constantdepth circuits

Effitiatists
AND AND

or or for IO MNI lffeAccyyE.p
then E 0 7k login log

sit W f E

Gf Any feAC mid can be learned in
molomttine

Proof Idea Simplification under
random restrictions

Tewitchingemmahestad
If f is a width w DNF then

pK IraGpt
is aw ÉÉ _espw

Pick w k log Mle P tow random
rest

Wip 1 E all width w DNFs width w CNFs

which reduces the depth by 1

Apply d 1 iterations A simple function w.p.si e



Hastad LMN feAC mid

The composition of d 1 random restrictions Rg with q p

Wip I E f z for Giz Rg is a PT of depth k

ie W to 0

E w fit e W
9 f 2E

I
Ollogamie

fiiii a restrictions
leavingexactly

BAD GAERe DT f 7k I vars alive

E BAD Re a X
w

P.EE BAD 1te1g Cq Ic
J Z NRI

f ow



Encoding for width w DNFs K 1

Ls Pr Diffja 0 f w

f kin axi V 1 1 U v1
TiT Tz

let J Z BAD Then f z is non constant

Then a first i sit 7 5,7
false

since GIZIEBAD Titz a true

Find a literal x x ̅ not fixed in Ti

Assign x consistently with its literal in Ti 15,21

Extra informtion position of xj 5 in Ti

Enc CTA outputs a pair J z index Re 1 w

Ctp index we decode JA as follows

Find first term Ti sit Elsie false

let xj g the literal
a position index inside Ti

Make x alive J z


